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Abstract
In this paper we generalize Pascal’s matrix by defining the polynomials ‘‘Factorial
Binomial’’. Then using this generalization, we introduce a two-variable Pascal’s matrix
and state its related theorems and prove them. Finally we introduce Pascal’s functional
matrix associated with a sequence a  fangn P 0, and obtain several important combi-
natorial identities. Ó 1999 Elsevier Science Inc. All rights reserved.
1. Introduction
Pascal’s matrix was studied in [1–3] and also over the finite field Zp in [4].
Furthermore its combinatorial properties have been investigated in [3–5]. The
Pascal functional matrix and its combinatorial property has been studied in
[6,7]. Finally using [5,7] the Pascal functional matrix has been extended for two
variables in a dierent way in [8,9].
2. Factorial binomial theorem and Pascal functional matrix
Definition 1. Let x and k be two real arbitrary numbers and n be a positive
integer. we define the notation xnjk as follows:
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xnjk  xx k    x nÿ 1k if n > 0;
1 if n  0:

In the above definition if k  0 then xnj0  xn.
Lemma 1. For any three real numbers x; y; k and positive integer n,
x ynjk 
Xn
i0
n
i
 
xnÿijkyijk:
Proof. Perform an induction on n. The formula is true for n  1. Assume the
formula holds for n  mÿ 1. Then
x ymjk  x y  mÿ 1kx ymÿ1jk
 x y  mÿ 1k
Xmÿ1
r0
mÿ 1
r
 
xmÿ1ÿrjkyrjk

Xm
r0
fx mÿ 1ÿ rk y  rkg mÿ 1
r
 
xmÿ1ÿrjkyrjk

Xm
r0
mÿ 1
r
 
xmÿrjkyrjk 
Xm
r0
mÿ 1
r
 
xmÿ1ÿrjkyr1jk

Xm
r0
mÿ 1
r
 
xmÿrjkyrjk 
Xm
r0
mÿ 1
r ÿ 1
 
xmÿrjkyrjk

Xm
r0
m
r
 
xmÿrjkyrjk: 
Considering the above lemma, we generalize Pascal’s matrix as follows:
Definition 2. The matrix Pn;kx, in which n is a natural number and k and x are
real numbers, is defined by
Pn;kxi;j  x
iÿjjk iÿ1
jÿ1
 
if i P j;
0 if i < j:
(
Theorem 1. For any real numbers x; y; and k and natural number n,
Pn;kx y  Pn;kxPn;ky:
Proof. We prove the above theorem by induction. It clearly holds for n  1.
Suppose it holds for nÿ 1, and we want to prove it for n. We write, Pn;kx in the
following form:
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Pn;kx  Pnÿ1;kx 0Qn;kx 1
 
in which Qn;kx is a row matrix:
Qn;kx  xnjk n
0
 
xnÿ1jk
n
1
 
   x1jk n
nÿ 1
 h i
:
Using induction, we have
Pn;kxPn;ky  Pnÿ1;kx y 0Qn;kxPnÿ1;ky  Qn;ky 1
 
 Pn;kx y;
it is easy to see that
Qn;kxPnÿ1;ky  Qn;ky  Qn;kx y:
This completes the proof. 
Now considering Theorem 1, we can conclude that the Pascal’s matrix Pn;kx
has an exponential form and has the following properties:
Corollary 1. For any real number x,
Pn;kx 
X1
k0
Lkk
k!
xk;
in which Lkk is defined for any positive integer k as
Lkki;j  k!jsiÿ j; kj
iÿ1
jÿ1
 
kiÿjÿk if i P j k;
0 otherwise;
(
and for k P n 1, Lkk  0 (note that sn; k are Stirling numbers of first kind).
By considering Definition 1 and dk=dxkPn;kx
ÿ 
x0  Lkk for 16 k6 n and
also by the following identity (see [2]),
xnjk 
X1
r0
jsn; rjxrknÿr
the proof will be straightforward and left to the reader as a simple exercise.
Thus, we have
Pn;kx  I  Lk
1!
x1      L
n
k
n!
xn:
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Corollary 2. For any integer j and k (k > 0)
(a) P jn;k1  Pn;kj;
(b) P kn;kj=k  P jn;k1:
3. Generalization of Pascal’s functional matrix for two variables
As you saw in Definition 2, Pascal’s functional matrix has been defined for
one variable x. Now we generalize this definition for two variables x and y
using the factorial binomial theorem.
Definition 3. Suppose n is a natural number, then we define the matrix Pn;kx; y by
Pn;kx; yi;j  x
iÿjjkyjÿ1jk iÿ1jÿ1
 
if i P j;
0 if i < j:
(
As an immediate consequence of the above definition, we have the following
lemma.
Lemma 2. The matrix Pn;kx; y can be factorized as follows:
Pn;kx; y  Pn;kxdiag 1; y1jk; . . . ; ynjk
ÿ 
:
Theorem 2. For any four real number x; y; z; k and natural number n,
Pn;kx y; z  Pn;kxPn;ky; z  Pn;kyPn;kx; z:
Proof. The proof clearly follows from Theorem 1 and Lemma 2. In the special
case k  0, we have the following results (see [6]):
(i) Pn;0x; yPn;0u; v  Pn;0x yu; vz;
(ii) Pÿ1n;0 x; y  Pn;0ÿxyÿ1; yÿ1 y 6 0;
(iii) P kn;0x; y  Pn;0 x 1ÿ yk=1ÿ y ; yk  for k 2 Zÿ f0g; y 6 0;
(iv) Pn;0x; y:Pn;0u; v  Pn;0u; v:Pn;0x; y , x1ÿ v  u1ÿ y;
(v) Pn;0x; y  Pn;0 x=1ÿ y; 1 :Y :Pn;0 ÿx=1ÿ y; 1 ,
where Y is the diagonal matrix of eigenvalues of the Pn;0x; y and y 6 0;
y 6 1. 
4. Generalization of Pascal’s functional matrix associated with a sequence
Considering the previous discussions we want to generalize Pascal’s func-
tional matrix in two variables associated with an arbitrary sequence
a  fangn P 0:
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Definition 4. Suppose k; x; y are three real numbers, n is a natural number and
a  fangn P 0 is an arbitrary sequence, then we define Pn;kx; y; a as follows:
Pn;kx; y; ai;j  ajÿ1x
iÿjjkyjÿ1jk iÿ1jÿ1
 
if i P j;
0 if i < j:
(
Example 1.
P3;kx; y; a 
a0 0 0 0
a0x1jk a1y1jk 0 0
a0x2jk 2a1x1jky1jk a2y2jk 0
a0x3jk 3a1x2jky2jk 3a2x1jky2jk a3y3jk
2664
3775:
Lemma 3. The matrix Pn;kx; y; a has the following multiplicative factorization:
Pn;kx; y; a  Pn;kx; y diaga0; a1; . . . ; an:
Proof. The proof is clear by mathematical induction and Theorem 2. 
Theorem 3. For any real numbers x; y; z; and k, and any sequence a  fangn P 0
and also for any natural number n, we have:
(a) Pn;kx y; z; a  Pn;kxPn;ky; z; a;
(b) Pn;kx y; z; a  Pn;kxPn;kydiaga0; a1z; . . . ; anzn:
Proof. The proof follows from Lemma 3 and Theorems 1 and 2. 
Remark 1. It is possible to set the sequence a  fangn P 0 in Pascal’s matrix in
dierent ways. For example for a square matrix of order 3,
a0 0 0
a1x a1 0
a2x2 2a2x a2
24 35  diaga0; a1; a2P2;kx:
In this case, the two terms on the right hand side of Theorem 3 commute.
Corollary 3. For any given sequence fxngn P 0 and m P 0, consider the following
system of equations:
yi  i
0
 
x0 ÿ i
1
 
x1  i
2
 
x2 ÿ     ÿ1i ii
 
xi i  0; 1; . . . ;m:
Then it follows that
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xi  i
0
 
y0 ÿ i
1
 
y1  i
2
 
y2 ÿ     ÿ1i ii
 
yi i  0; 1; . . . ;m:
Proof. It is necessary to show that the matrix coecients of the two systems of
equations are invertible:
P 2m;01; 1; a  I ;
in which a  fÿ1ngn P 0. Put eI  diag1;ÿ1; . . . ; ÿ1m, then
Pm;01; 1; a  Pm;01; 1eI  eIPm;0ÿ1; 1:
Since Pm;01; 1:Pm;0ÿ1; 1  I and eI2  eI then, we have
Pm;01; 1eIeIPm;0ÿ1; 1  I ;
and the proof is complete. 
5. Some combinatorial identities
Considering the previous discussion, we obtain some beautiful combinato-
rial identities. First of all, we adopt the following conventions. From now on
we let ei (06 i6 n) be the ith unit vector in Rn1 and also let
ekx  1; x1jk; . . . ; xnjkT be a column functional vector, in which k and x are
real numbers. Then, we have the following lemma.
Lemma 4 (Swapping Lemma). For any integers k and 16 i6 n,
eTi P
k
n;k1ekx  x kijk:
Proof. We simplify the left hand side of the above equality as follows:
eTi P
k
n;k1ekx  eTi Pn;kkekx

Xi
j0
i
j
 
kiÿjjkxjjk  x kijk: 
Corollary 4. For any positive integers p and k (p > k) and also for any real
numbers x and k, we have:
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Xp
l0
ÿ1pÿl p
l
 
x lkjk  0:
Proof. First we note that for any square matrix A which has only non-zero
terms under its diagonal, the first k rows of Ak are equal zero. Thus if k < p, by
applying Lemma 4 for any n P p, we have
0  eTp Pn;k1 ÿ Inkekx

Xp
l0
ÿ1pÿl p
l
 
eTp P
k
n;k1ekx

Xp
l0
ÿ1pÿl p
l
 
x lkjk:
The following interesting identity has been conjectured by Tepper in [10], and
Papp [11] has proved it by mathematical induction on p for the special case
k  0: 
Corollary 5 (Tepper’s identity). For any positive integer p and any real numbers
x and k,Xp
l0
ÿ1pÿl p
l
 
x lpjk  p!:
Proof. By considering Lemma 1, we have
Pp;k1 ÿ Ipp  Lpk:
Thus, we have
eTp1Pp;k1 ÿ Ippekx  eTp1Lpkekx  p!: 
Remark 2. Corollaries 4 and 5 hold for any arbitrary polynomials f x of
degree n [12],Xp
l0
ÿ1pÿl p
l
 
f x l  0 n < p;
and Xp
l0
ÿ1pÿl p
l
 
f x l  ann! n  p;
in which an is a leading coecient of the polynomial f x.
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Theorem 4. Suppose n  t1  t2      tm in which t1; t2; . . . ; tm are real numbers,
then we have:
(i)
P
k1 P 0
P
k2 P 0
  Pkmÿ1 P 0 ik1  k1k2     kmÿ1j tiÿk11 tk1ÿk22    tkmÿ1ÿjm  niÿj ij ;
(ii)
P
k P 0 x
iÿkjkyjÿkjk ik
ÿ 
k
j
 
 x yiÿjjk ij
 
:
Proof. (i) The above identities are clear by considering the identity
Pn;kxPn;ky  Pn;kx y:
(ii) This is clearly proved by considering the Corollary 2. 
Theorem 5. For k P 0, n P 1 and real number x, we have
Xn
m1
m xk 
Xn
p0
n
p  1
 Xp
l0
ÿ1pÿl p
l
 
l xk:
Proof. By the swapping lemma, we have
Xn
m1
m xk 
Xnÿ1
l0
eTk P
l
nex

Xnÿ1
l0
eTk Pn ÿ In  Inlex

Xnÿ1
l0
Xl
p0
l
p
 
eTk Pn ÿ Ipex

Xnÿ1
l0
Xn
p0
l
p
 
eTk Pn ÿ Inpex

Xn
p0
Xnÿ1
l0
l
p
 ( )
eTk Pn ÿ Inpex

Xn
p0
n
p  1
 
eTk Pn ÿ Inpex

Xn
p0
n
p  1
 Xp
l0
ÿ1pÿl p
l
 
eTk P
l
nex

Xn
p0
n
p  1
 Xp
l0
ÿ1pÿl p
l
 
l xk: 
88 M. Bayat, H. Teimoori / Linear Algebra and its Applications 295 (1999) 81–89
Corollary 6. (i)
Xn
p0
n
p  1
 Xp
l0
ÿ1pÿl p
l
 
l  nn 1
2
;
(ii)
Xn
p0
n
p  1
 Xp
l0
ÿ1pÿl p
l
 
l2  nn 12n 1
6
;
(iii)
Xn
p0
n
p  1
 Xp
l0
ÿ1pÿl p
l
 
l3  nn 1
2
 2
:
Proof. The proof is straight forward by substituting x  0 and k  1; 2; 3 in the
above theorem. 
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